Abstract: Naturalness predicts the existence of new physics at the TeV scale. However, given the observed value of the Higgs mass, m h ≈ 126 GeV, and the current limits on superpartners from the LHC, supersymmetric models are in general fine tuned in the percent to permille level depending on the model. The NMSSM is known to be less fine tuned than the MSSM due to the presence of an additional tree-level contribution to the physical Higgs mass -proportional to the singlet-doublet coupling, λ. However, there is an upper bound on λ at the low scale (λ 0.7) if one requires perturbativity to the GUT scale. The presence of extra matter between the low and high scales relaxes the perturbativity bound on λ at low scales, allowing the Higgs mass at tree-level to be increased even more than in the NMSSM. Here we present a comparative and systematic study of the fine tuning in Higgs sectors in three scale-invariant NMSSM models: the first being the standard Z 3 -invariant NMSSM; the second is the NMSSM plus additional matter filling 3(5 + 5) representations of SU (5) and is called the NMSSM+; while the third model comprises 4(5 + 5) and is called the NMSSM++. Naively, one would expect the fine tuning in the plus-type models to be smaller than that in the NMSSM, but we find that LHC limits on sparticles, especially the gluino mass, mg , can play an indirect, but vital, role in controlling the fine tuning. In particular, working in a semi-constrained framework at the GUT scale, we find that the masses of third generation stops are always larger in the plus-type models than in the NMSSM without extra matter. This is an RGE effect which cannot be avoided, and as a consequence the fine tuning in the NMSSM+ is significantly larger than in the NMSSM, with fine tuning in the NMSSM++ being significantly larger than in the NMSSM+.
Introduction
The scalar particle discovered in July 2012 [1, 2] is increasingly consistent with a StandardModel-like Higgs boson [3] . This may reinforce the Hierarchy problem and the call for new physics at low scales just above the Electroweak scale [4, 5] . Low scale supersymmetry (SUSY) is perhaps the most well-motivated candidate for such new physics beyond the SM since it provides, for e.g., a solution to the Hierarchy problem, a candidate for Dark Matter and unifies the SM group at the GUT scale. However low scale SUSY remains elusive at the LHC [6] .
The naturalness problem in the Standard Model (SM) [7] is associated with the large ratio between the weak scale (M W ) and the Planck scale (M P ). If no new physics enters at the weak scale or the TeV scale, then the Higgs mass has to be fine tuned against the Planck scale, GUT scale, or any new scale represented by possible heavy masses (e.g. a heavy righthanded neutrino). This situation is theoretically unpleasant and the lightness of the Higgs needs to be explained or maintained without huge fine tuning. Supersymmetry (SUSY) can resolve this issue by cancelling the quadratic divergence associated with fundamental scalars.
Nevertheless, the observed value of the Higgs mass (m h ∼ 126 GeV) already places the minimal supersymmetric extension of the standard model (the MSSM) in tension with the naturalness requirement since the tree-level Higgs mass bound m h ≤ M Z implies that very large stop masses and mixing is required in order to radiatively increase the Higgs mass to its observed value, leading to a fine tuning in the permille level (see [8] for a general discussion on Naturalness and SUSY). Moreover, the lower bound on the gluino mass at the LHC of greater than 1 TeV or so is exacerbating the situation, since the gluino mass radiatively increases the mass of the stops, independently of their experimental limit, especially in high scale SUSY models such as the constained MSSM (cMSSM) or minimal supergravity (mSUGRA) where the effect of gluino radiative corrections occurs over a larger energy range for a general discussion on the Status of SUSY after LHC8 we refer the reader to [9] ).
Non-minimal SUSY models, such as the next-to-minimal standard model (NMSSM) [10] , can accommodate a 126 GeV Higgs boson without requiring such large stop masses and mixing. This is because non-minimal models usually introduce additional contributions to the physical Higgs mass at tree level. In the NMSSM, an interaction F-term between the up-and down-type Higgs doublets and the Higgs singlet leads to a contribution to the tree-level Higgs mass that is proportional to λ. Thus, the fine tuning is expected not to be as severe since one does not require such large stop loop contributions as is the case in the MSSM [11] [12] [13] . However, there is an upper bound on λ 0.7 at the low scale [14] for it to be perturbative to the GUT scale, which provides a limit to this effect. Moreover, the increasing lower bounds on sparticles from direct searches at the LHC sets the minimum amount of fine tuning in the Electroweak sector of all SUSY models, and the NMSSM is no exception. Adding extra matter to the particle content of the NMSSM has a profound impact on the phenomenology and predictions of the model. In particular, it allows λ to be larger at the low scale [15] [16] [17] . The NMSSM+ is defined by adding extra matter filling three (5, 5) of SU (5), while the NMSSM++ refers to four extra (5, 5) matter representations, in addition to that present in the NMSSM.
In this paper, we study and compare naturalness and fine tuning in three (semi)-constrained models: the NMSSM, the NMSSM+ and the NMSSM++. We show that, while λ assumes larger values in the plus-type models, there is an indirect effect played by the gluino, whose high energy mass is greater in the NMSSM+ and the NMSSM++, which renders the plus-type models more fine tuned than the NMSSM. Taking into account current LHC limits and constraints on the Higgs, third generation squarks and the gluino, but not those on Dark Matter or anomalous magnetic moment of the muon, the lowest fine tuning found in semi-constrained NMSSM, NMSSM+ and NMSSM++ is found to be about 100, 200 and 600, respectively. Clearly, the NMSSM and the NMSSM+ are less fine tuned than the constrained MSSM, but the NMSSM++ is fine tuned to a level comparable to that in the MSSM.
In Section 2, we give a brief overview of the models is given. Section 3 discusses RGE features of each model. In Section 4, we present the fine tuning and implementations.
Section 5 is where we present our results. Finally, we give a general discussion and conclude in Section 6.
The models
Non-minimal models are associated with adding fields not present in the SM, and/or enlarging the gauge structure. The NMSSM is a well-known example where the µ term in the MSSM is omitted, and a SM-singlet field is introduced. This field acquires VEV near the weak scale to dynamically generate a µ effective term. The NMSSM keeps all the good features of the MSSM, such as unification of gauge couplings, and radiative Electroweak Symmetry Breaking. It is also known to have lower fine tuning than the MSSM as mentioned in Section 1. However, to avoid unwanted weak-scale Axion, one introduces a cubic term for the singlet and the superpotential is invariant under a discrete Z 3 symmetry,
The scalar Higgs potential reads,
where, µ ef f = λs and B ef f = ks + A λ . From the minimisation conditions, ∂V ∂vev = 0, we obtain the well known relations for M Z and sin 2β, along with a third condition on the singlet mass, m s :
3)
They differ from the MSSM ones in that we pick terms containing the VEVs when solving for sin 2β. Another difference is that, µ ef f depends on all soft parameters as it includes. These conditions can be expanded in terms of input parameters, hence studying the effect of small changes of the inputs on our observable quantity M Z . Moreover, it is remarkable that the NMSSM allows for the increase of the tree-level Higgs physical mass,
thus, no need for very large loop corrections. Additionally, unlike the MSSM, low tan β is preferred in the NMSSM as large values would suppress the new term. Nevertheless, the NMSSM is also known to have its own issues, namely: the domain wall problem which arises as the Z 3 symmetry is spontaneously broken near the Electroweak scale [18] . Plus-type models can overcome this issue [19] , and offer a link to F-theory [20] . In the notation of SU (5) representations, the NMSSM+ and the NMSSM++ can be viewed as:
and NMSSM++ ≈ NMSSM + 4(5 + 5).
(2.8)
From low energy standpoint, Eqs. 2.3-2.6 hold in the plus-type models to a good approximation, this is because extra matter acts as a secluded sector that only relates to ordinary NMSSM superfields through gauge interactions. Thus the chief effect of the extra matter is the modification of running of the gauge couplings (and gaugino mass running) at one-loop, and the running of the rest of the parameters at two-loop. Remarkably, gauge coupling unification is achieved in both plus-type models (shown to one-loop in Figure 1 ). Further comparison of the Renormalisation Group Equations in the three models will be discussed in the next Section. 
Renormalisation group analysis
The addition of extra matter in the plus-type models is motivated both from the high scale model building point of view as well from low energy point of view. In particular, by examining the effects on the RGEs, one can show that the upper bound on λ at the SUSY scale (λ SU SY ) can be larger in the plus-type models as shown in Figure 2 . The running of the strong coupling which is similar to the running of the gluino M 3 .
The reason behind this increase can be understood by inspecting the RGEs of the gauge couplings,g 1,2,3 , the top Yukawa coupling, h t , the doublet-singlet coupling and λ in the three models. At one loop, the RGEs take the following form:
where the coefficients between parentheses belong to the NMSSM, the NMSSM+ and the NMSSM++, respectively. The magnitude and the signs of the coefficients in the plus-type models lead to larger g 3 and smaller h t at the GUT scale. which allows larger λ at the low scale while keeping its perturbativity up the high scale. In other words, in order to reach the same point at the high scale one needs to start with a larger value at the low scale in the plus-type models. The advantage of having a larger weak-scale λ is that it allows for a larger tree-level Higgs mass as mentioned previously. Since h t (Q) = mtQ √ 2 v sin β , it is possible to have achieve smaller tan β in the plus-type models.
Moreover, it is instructive to examine the running of the the α s = g 3 4π (which runs similar to the gluino mass parameter: M 3 ). This is shown in the right panel of Figure 2 . Note that, in order to reach the same point at the low scale one needs to start with a certain value in the NMSSM, a larger value in the NMSSM+ and even larger value in the NMSSM++. This effect will play a profound role in shaping the fine tuning as we show in Section 5.
The physical glunio mass at the low scale can be related to the input parameter m 1/2 , which is a universal gaugino mass at the GUT scale, as follows: mg ≈ f m 1/2 , where the coefficient f is model-dependent. It takes the values ∼ 3, 0.85, 0.25 in the NMSSM, the NMSSM+ and the NMSSM++, respectively.
Moreover, the glunio affects the running of the squarks at one-loop in the following fashion,
. . This is a known effect [21] [22] [23] that the gluino, if large enough, can dominate the running of scalars. However, in the MSSM, obtaining a physical Higgs mass of 126 GeV requires very large stops or large stop mixing (large A-term), hence the gluino effect could be small unlike in the plus-type NMSSM models where we will show that it can be the main source of fine tuning. This is due to the fact that the stops will be noticeably larger in the such models as a result of the rather larger values of the M 3 or m 1/2 that one has to start with in order to achieve a gluino mass larger than 1.2 TeV as clarified previously.
Next, we present approximate 1-loop RGEs of the models for large λ(susy) and small tan β by expanding the low scale parameter m 2
Hu in terms of universal parameters:m 1/2 , m 0 and A at the GUT scale:
2. NMSSM+:
3. NMSSM++:
While it is clear that the sensitivity to m 1/2 is reduced by adding extra matter, it is important to notice the previously giving relation mg ≈ f m 1/2 . Clearly, the more matter included, the larger the required m 1/2 in order to produce the desired mg.
Fine Tuning and implementations
To quantify fine tuning at each point in the parameter space ( [24] and [25] ), one can measure the fractional sensitivity of an observable, namely the mass of the Z boson, m Z to fractional variations in the fundamental GUT parameters,
where ∆ −1 × 100% represents the percentage to which a parameter is fine tuned. This measure is usually called the Barbieri-Giudice measure, and it has been extensively used in the literature (see for e.g. [26] [27] [28] [29] [30] [31] , and [32] and references therein). Note that some authors prefer to use m 2 Z instead of m z and/or a 2 instead of a. All different choices can be related to each other. A short discussion on alternative measures and Bayesian approaches can be found in [32] .
The measure (Eq. 4.1) is already implemented in the Fortran code NMSPEC [33] that we use, which is part of the package NMSSMTools 4.1.2. We modify the tool for both the NMSSM+ and the NMSSM++ cases by adding the relevant two-loop RGEs to enable calculating the mass spectrum of each model and study the fine tuning. The RGEs were cross-checked using the tool SARAH 3 [34] . In the NMSSM+ and the NMSSM++, the effects of extra matter is taking into account via the RGEs from the GUT scale to the scale of the first and second generations of squarks. Below this scale, the RGEs of the NMSSM are used. The inclusion of threshold corrections from extra matter is left for future analysis.
In NMSSMTools, Fine tuning is calculated in two steps: first, the tuning with respect to SUSY scale parameters is calculated directly using Eq. 4.1 with the parameter a being a SUSY scale parameter, then the RGEs are used to link the low scale parameters to the high scale parameters, hence determining the tuning with respect to the GUT scale parameters.
We choose to work with a semi-constrained framework where the gaugino masses are universal at the GUT scale, but allow the singlet mass, m Hu and m H d to differ from the rest of the scalars with mass m 0 at the GUT scale. Finally, the triliears A λ and A κ can take different values from the universal triliear A. Finally, we do not include dark matter or anomalous magnetic of the muon constraints, however, we check in general the amount of dark matter to learn if the model is predicting more dark matter than needed.
Scans and results
In order to obtain the results in this section, we have used NMSSMTools and modified it to by implementing two-loop RGEs of the NMSSM+ and the NMSSM++. We chose to work in a semi-constrained framework, where the only universal parameters are the gauginos, the scalar masses other than the two Higgses and the singlet, and the trilinears other than A λ and A κ . Moreover, we have separated the parameter spaces into two cases: the first is where m h 1 is SM-like, while the second case is where m h 2 is SM-like.
We divide our results into two cases. The first is where the lightest CP-even Higgs is SM-like, while the second is where the SM-like Higgs is the second to lightest CP-even Higgs. The scanned range of parameters is, 0 < m 0 < 2, 4, 7 TeV 0 < m 1/2 < 2, 4, 7 TeV −3.5 < A 0 < 7 TeV −3.5 < A λ < 3.5 TeV −3.5 < A κ < 3.5 TeV 100 < µ < 400 GeV 0.5 < tan β < 5 0.5 < λ < 1 10 −4 < κ < 0.6 In all models, the fine tuning plots range from 0 to 2000 -we stop at ∆ = 2000 for convenience-using the same colour scheme. This enables direct comparison between the parameter spaces of the three models.
NMSSM
Here we present the results for the NMSSM. 
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(left panel in Figure 4 ). Since we require the lowest mass for the lightest stop to be larger than 700 GeV, M S can tell us if there is much separation between m1 and m2. Our aim is to search for points where both masses are close to 700 GeV or with the minimum separation since such points are associated with low fine tuning. M S starts at nearly 900 GeV, and increases steadily with changes m 1/2 to reach a value of 3.4 TeV. However, it increases very slowly in respond to increases in m 0 , particularly in this range of parameter space.
In the right panel of Figure 4 , the distribution of the lightest stop mass mt 1 shows that it ranges from 700 GeV to 2.7 TeV. In this parameter space, the lowest fine tuning was found to be ∆ ∼ 120 for: m h 1 = 124 GeV, mg = 1.4 TeV, mt A number of observables are significantly linked with fine tuning" these include: m h 1 , mg, and mt 1, 2 . In the NMSSM, the lowest fine tuning ranges from 100 to 200 for a Higgs mass between 123 and 127 GeV. The impact of increasing m 1/2 and mg on the stops, represented by M S , will turn to be more significant in the plus-type models. In the NMSSM, having a gluino mass of 1.2 TeV does not require m 1/2 to be larger than ∼ 600 GeV -recall that m 1/2 determines, along with other parameters, the value of the stops via its RGE effect-and the stops can be as light as 700 GeV. Varying both m 1/2 and mg from 600 GeV to 2 TeV and 1.2 TeV to 4.3 TeV, corresponds to M S in the range 900 GeV-3.4 TeV each. Therefore, one can escape the LHC limit on the gluino mass without dragging the stops to too heavy masses.
Case 2: m h 2 is SM-like.
Here we present the results of fine tuning in the Higgs sector of the NMSSM where the next to lightest Higgs, m h 2 , is SM-like. First, we note that the lowest fine tuning, Figure 6 , is roughly similar to case 1. However, m 1/2 can assume slightly lower values than found in the previous case, and more points occupy regions where m 0 = 0. As for the gluino mass (Right panel of Figure 6 ), it again ranges from 1.2 TeV to 4.4 TeV as is correlated to m 1/2 as expected. Notice that increasing m 0 can have a small effect on rising mg. This a loop effect related to corrections to the physical gluino mass. The lowest fine tuning forms a plateau, of order 100, as one increases m h 2 from 123 GeV to 127 GeV. Figure 8 shows that increasing M S , mg, and m1 from 900 GeV to 3.3 TeV, 1.2 TeV to 4.3 TeV, and 700 GeV to 2.8 TeV results in a rise in the fine tuning from 71 to roughly 450 in the three cases. Therefore, it is still clear that the stops are in control of the fine tuning, whereas the gluino mass can assume a value as large as 4.3 TeV without worsening the situation.
In this parameter space, the lowest fine tuning was found to be ∆ ∼ 71 for: m h 2 = 127 GeV, mg = 1.34 TeV, mt 1 = 700 GeV. While this parameter space contains the lowest fine tuned point in all our study, it is still of O(100), and the parameter space is not as rich as the previous one. 
NMSSM+
As discussed in Section 3, the gaugino mass parameter m 1/2 set at the GUT scale has to be larger in the NMSSM+ than in the NMSSM in order to produce the same physical gluino mass at the low scale. Moreover, the RG running of scalars depends strongly on the parameter M 3 , which is equal to m 1/2 at the GUT-scale. Therefore, larger m 1/2 , as required by the gluino, means larger stops, as dictated by the RGEs. Thus, we expect the fine tuning to be larger because the stops are heavier.
Case 1:
The parameter space of the NMSSM+ is richer than that of the NMSSM. In particular, it is easier to obtain a Higgs mass near 126 GeV since both λ and the stops are larger in the NMSSM+ than in the NMSSM. On the other hand, notice, in the right panel, how the physical gluino corresponds to larger values of m 1/2 than in the NMSSM (Figure 3 ) as explained in Section 3. Particularly, One requires 1.3 TeV < m 1/2 < 1.5 TeV to achieve mg ≈ 1.2 TeV.
As a result of having a rather large m 1/2 , the smallest value of the parameter M S is now around 1.2 TeV (Figure 10, left panel) . One can also see that it is not possible to access smaller values of M S because either m 1/2 or m 0 will become exceedingly large. Recall that the scalar masses are controlled by both parameters as explained in Section 3. The right panel of Figure 10 presents the mass distribution of lightest stop. It can be as small as 700 GeV and as large as 4 TeV. The reason why one can find some points with a small value of m1 in regions where either or both m 0 and m 1/2 are large is related to the parameter A 0 . Large values of A 0 lead to large splitting between the values of the mt 1 and mt
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. Both of these parameters contribute to the fine tuning. Hence, it is necessary to look at the parameter M S to understand the fine tuning results.
As mentioned earlier, varying the Higgs mass between 123 GeV and 127 GeV has a little impact on the lowest fine tuning. However, both M S and mg, Figure 11 , cause the fine tuning to increase from 200 to roughly 2000 as they rise from 1.2 TeV to 4.2 TeV and from 1.2 to 3.7 TeV, respectively. The important feature that distinguishes the NMSSM+ from the NMSSM is the steady to sharp increase in fine tuning associated with increasing the gluino mass. The lightest stop can now become larger than the gluino and leads to the same amount of fine tuning, in contrast to the situation in the NMSSM. Clearly, the gluino here is a major factor in determining the fine tuning since it requires a large m 1/2 parameter, which in turn affects the running of the stops, making them larger in comparison to the NMSSM. 
Case 2: m h 2 is SM-like.
Here we examine the parameter space of the NMSSM+ where m h 2 is SM-like. When m h 2 varies between 123 GeV and 127 GeV, the fine tuning is a plateau around 200. However, Figure 14 shows that the fine tuning increases from ∼ 200 to 2000 when M S and mg change from 1.2 TeV each to 3.6 TeV and 4.9 TeV respectively. The lightest stop can be as large as 4.2 TeV and still results in the same degree of fine tuning as that associated with a gluino mass of 3.6 TeV. Therefore, we again see, as expected, the important effect the gluino has on the fine tuning. The parameter space of the NMSSM++ is significantly different from both the parameter spaces of the NMSSM and the NMSSM+ as the following plots show.
The fine tuning starts at a value of O(600), shown in Figure 15 , and rapidly increases as m 0 and m 1/2 increase. In this parameter space, the lowest fine tuning found is ∆ ∼ 663 for: m h 1 = 126 GeV, mg = 1.2 TeV, mt 1 = 2.1 TeV. Note that a large value of m 1/2 , ∼ 4T eV , is needed to obtain a gluino mass of 1.2 TeV. Only when m 0 is significantly large, one can access slightly smaller values of m 1/2 . Moreover, since m 1/2 is very large it controls the scalar masses as demonstrated in Figure 16 which shows that the parameter M S is always larger than 1.8 TeV, in this parameter space, and rises rapidly with m 1/2 . The fine tuning is almost a plateau with respect to m h 1 , while it sharply increases from ∼ 600 to 2000 as M S and m Gluino increase from 2.5 TeV to around 4.5 TeV (Figure 17) .
Clearly, the gluino mass in the NMSSM++ strongly drives the fine tuning to be larger than that in the NMSSM and the NMSSM+ because it rises the masses of the stops to large values. 
In the case where m h 2 is SM-like, the parameter space of the NMSSM++ is presented in the following plots, First, notice that the parameter space contains fewer points satisfying the applied cuts than in the previous case. While the lowest fine tuning possible is still around 600, most of the points in this parameter space has fine tuning above 800 as seen in Figure 18 . The lowest fine tuning is ∆ ∼ 634 for: m h 2 = 126 GeV, mg = 1.2 TeV, and mt 1 = 2.76 TeV. Next, the RMS stop mass,M S , see Figure 19 , is rather large as it starts from 2 TeV. Thus both stops are pushed to heavy values because m 1/2 is very large. Large m 1/2 , in turn, is needed to enable obtaining a physical gluino mass above 1.2 TeV at the low scale.
Again, the fine tuning does not vary significantly with m h 2 , but as Figure 20 shows, the fine tuning behaves in a similar way to that found in the previous case. The results presented in the previous Section show that adding extra matter does not necessarily reduce the fine tuning, particularly in the set-up we have chosen. We found that the RG running of the α s and similarly the gluino forces one to start with a large m 1/2 (M 3 ) at the GUT scale in the plus-type models in order to reach the desired gluino mass at the low scale. This, in turn, causes an increase in the mass of the stops at the low scales in comparison to the NMSSM as Figure 21 shows. It is clear from this Figure that , in all of the parameter spaces we studied, and for a given physical gluino mass, it is always possible to find M S that is smaller in the NMSSM than in both the NMSSM+ and the NMSSM++, and smaller in the NMSSM+ than in the NMSSM++. This is an RGE effect that was explained in Section 3. The larger M S is, the larger the separation between the weak and the SUSY scales, and, as a consequence, the larger the fine tuning in the plus-type models, especially the NMSSM++.
Of all three models, we find that the NMSSM is the least fine tuned (∆ ∼ 100). The NMSSM+ was close to the NMSSM with the lowest fine tuning being ∆ ∼ 200, but the parameter space was richer than that in the NMSSM. Finally, the NMSSM++ is the most fine tuned model where the fine tuning starts from 600. The reason for this behaviour is that the models with extra matter involve a larger gluino mass at high energies which results in an increased low energy stop mass spectrum, well above either the stop mass experimental limits or the stop mass limits required to obtain a sufficiently large Higgs mass. The heavy stop masses appear to be unavoidable in the NMSSM+, and especially the NMSSM++, purely as a result of the low energy experimental gluino mass limit and the RGE running behaviour, at least for the class of high energy semi-constrained SUGRA inspired models under consideration.
